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Penalized Weighted Residual Method
for the Initial Value Problems

Seung Jo Kim*and Jin Yeon Cho'
Seoul National University, Seoul 151-742, Republic of Korea

To satisfy the need for network parallel computing in the whole time domain, a penalized weighted residual
formulation for the second-order initial value problems is developed and its time finite element approximation
is presented. To impose properly both the initial displacement and velocity, the initial velocity is imposed to the
weighted residual equation as a penalized form that is constructed such that the approximated initial velocity can
satisfy the initial condition in the average sense. By this procedure, the penalized weighted residual formulation
makes it possible to handle the whole time domain of investigation and to use the conventional-displacement-based
finite element technique without any other artificial routine. Through several numerical tests, it is confirmed that
the present method gives very accurate solutions for various systems arising in the second-order initial value
problems and presents promising characteristics for network parallel computation in the whole time domain of

investigation.

Introduction

ARLIER, the use of finite element techniques in the time

domain was suggested by Oden,' Fried,> and Argyris and
Scharpf.* Nowadays, there are two approaches for obtaining finite
element solutions in the time domain. One is Hamilton’s principle,
and the other is the weighted residual method. Baily* obtained solu-
tions of dynamic problems using Hamilton’s law of varying action,
which is a weak form of Hamilton’s principle, and revived inter-
est in time finite element approximation. Bailey’s work* was fol-
lowed by that of many others.>~7 Simkins® extended Hamilton’s law
of varying action to unconstrained variational statements. Riff and
Baruch® applied the finite element technique using Hermite interpo-
lation to Hamilton’s law of varying action and noted the usefulness
of managing the whole time domain of investigation. Hodges and
Bless’ adopted the mixed version of Hamilton’s law of varying ac-
tion and applied it to optimal control problems. On the other hand,
Zienkiewicz and Taylor® unified the existing direct time integra-
tion methods by using a weighted residual approach and proposed
a unified set of recurrence formulas in which weighting functions
play a role as coefficients. By changing the weighting functions,
the unified set of recurrence formulas could express the existing di-
rect time integration methods. Recently, Hulbert and Hughes’ and
Johnson!® used the discontinuous Galerkin finite element method
and discretized the whole space-time domain via space-time slabs
to solve the second-order hyperbolic equations.

While many theories on time finite element approximation were
being developed, parallel computation techniques made startling
progress in the field of elliptic boundary value problems. However,
most theories previously developed on time finite element are inad-
equate for the full utilization of existing parallel computing power
because, in many theories,”® the time domain was confined to only
one time step for obtaining solutions and a step-by-step sequential
solving procedure was adopted, such as the direct time integration
methods|[i.e., the centraldifferencemethod, the Newmark-3method
(trapezoidalrule), the Wilson-0 method, the Houbolt method, etc.].
Thus development of time finite element methods that can fully
use the existing parallel computation scheme of the boundary value
problems is necessary.
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Another issue, which all the previous theories skipped, must be
considered. That is how to impose the initial velocity in the varia-
tional statements. This arises from the condition of the initial value
problem that both displacement and velocity are imposed at the ini-
tial time, contrary to the fact that in the boundary value problem
a displacement boundary condition cannot be assigned to the same
boundarypointthathasa flux boundarycondition. Thus a variational
statement of the initial value problem needs more consideration of
the initial velocity, which makes it different from the variationalfor-
mulations of elliptic boundary value problems. However, previous
theories for the initial value problems did not consider treatments
of the initial velocity in the variational stage. As a result, the task
of imposing the initial velocity is postponed to the stage of approx-
imation. For example, in the particle dynamic problem, Hamilton’s
law of varying action® is as follows:

] /(_miz&z + cudu + kubu _ fou)dt

+ mi{&l,/ _mit§u|,0 =0 (1)
where m, ¢, and k are the mass, damping, and stiffness, respectively;
u, u, and u are the displacement, velocity, and acceleration, respec-
tively; ddenotes variation; #) and ¢ denotethe initial and final times,
respectively;and f is the externalforce. The initial velocity should
be imposed on the third term of the left-hand side of Eq. (1). Because
the initial displacement u(#) is specified, the variation of the ini-
tial displacement du(#) must be zero for kinematically admissible
variations. Therefore the initial velocity cannot be considered ap-
propriately in miz&[léf = 0. Thus the theories using Hamilton’s law
of varyingaction®’ thust considertentatively Su( 1)) as free variation
independent of u(#)) and impose u(f,), u(%) at the approximation
stage. However, it seems to be an inconsistent treatment. It may
mingle the variational stage with the approximation stage. If the
conventionalweighted residual method is used, an artificial starting
routine, which can consider the effect of initial velocity, is needed
for multistep recurrence algorithms.®

In our weighted residual method with penalized initial velocity,
the effect of initial velocity on the solution is permeated into the
penalized weighted residual formulation, and as a result, there is no
artificial routine for initial velocity in our method. Moreover, it can
be easily appliedto conventional-displacemant-based finite element
formulationsthatare usually adopted in solvingthe ellipticboundary
value problems. Using our time finite element method, discretization
of the whole time domain of investigation is performed for future
applications of network parallel computing, as in the conventional
discretization in elliptic boundary value problems.
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Penalized Weighted Residual Method

A penalized weighted residual equation is derived from the dy-
namic equation of motion. In linear structural dynamics, the equa-
tions of motion for the discretized system are given with the initial
condition (I.C.) in matrix form as

Mir+ Cu+ Ku=f with.C. u(ty)=u, and u(t) =1y,

(2)
where M, C, and K are the mass, damping, and stiffness matrices,
respectively; u, u, and wu are the displacement, velocity, and accel-
eration vectors, respectively; and f is the external force vector. To
satisfy the equilibriumcondition in the sense of distribution, the dy-
namic equation of motion is weighted by kinematically admissible
variation Ou and integrated over the time domain. It can be written
as

t
] Su' (Miu+ Cu+ Ku_f)dt =0
fo

forall Ou suchthat Su(z) =0 3)

To solve the difficult issue arising from the fact that both displace-
ment and velocity must be imposed at the initial time in the initial
value problems, the initial velocity is imposed to the weighted resid-
ual formulation by a penalized form. The penalty term for initial
velocity is constructed such that the approximated initial velocity
can satisfy the initial condition in the average sense. It assumes the
form

: ] " S M) _ vl di ()

where edenotesthe penalty parameterand has an inverse dimension
of mass and I is the identity matrix. Because ou(#) = 0, this form
canbereducedto du(z,)7 I u(ty) _v,]/ €by integration. This penalty
termisaddedto the left-handside of Eq. (3). Throughthis procedure,
the dynamic equation of motion in the sense of the average that has
a penalized initial velocity is written as follows.

For all Su such that Su(f,) = 0

0:] /5uT(Mil+Ch+Ku_f)dt
L[ .
+El Su' Mu(ty) _v,]dt
:] /SUT(MiI+Ch+Ku_1')dt

1 .
+ 785"0/)”["00)_%] )

Because Eq. (5) holds for all éu such that du(z,) = 0, it must hold
for all éu such that du(#)) = 0 and du(¢,) = 0. Thus we can obtain
the differential equation of motion. Similarly, because du(z,) is ar-
bitrary, u() is equalto v,. As a result, we can recover the original
dynamic equationof motion (2). Conversely, if the original equation
of motion holds, then the penalized weighted residual equation (5)
holds automatically.

The penalized weighted residual equation can be rewritten in a
weak form via integrationby parts, which is very similar to the con-
ventionalfinite element method in elliptic boundary value problems.
The weak form is as follows.

For all Su such that Su(f) = 0

0 :] /(_5uTMu+ Su" Cu+ Su” Ku __Su” ) dt

+ 5uTMu|,/ _5uTM‘u|,0 + %85u(t/)rl[‘u(t0) — V] 6)

Because du(1y) = 0, it can be rewritten in the following form.
For all du such that Su(f,) = 0

0 :] /(_5uTMh+ Su” Cu+ Su” Ku __ Su” f)dt

+ Gulty)" M) + (1) M) o ™)

This weak form reflects the initial velocity considered not in the ap-
proximation stage but in the variational stage. Moreover, the weak
form can be applied naturally to the displacement-based finite el-
ement formulation and does not need any artificial routine. In the
next section, a finite element discretization procedure is shown.

Finite Element Discretization in Time Domain

In this section, we observe whether the proposed weighted resid-
ual method with penalized initial velocity is compatible with fi-
nite element approximation in the time domain; that is, the time
domain can be treated by the finite element method just like the
space domain. To apply the finite element techniques to this pe-
nalized weighted residual method, the time domain of investigation
Q =yt € Ry <t <ty = 1 is divided into subdomains
Q = %t € RLI,»_1_< Tt (i = 1,2,...,n), like the space
domain: Each subdormin £ isthe domain of a finite element. We
assume that displacement and virtual displacement are linear com-
binations of shape functions with time as the independent variable.
These assume the following forms:

u= ¢;(t)u )
ou= ¢(1)ou; ©)

where u; and Ou; stand for nodal sets of u and Ou at a time i,
respectively, and the summation convention is used. In our time
finite element approximation, one can adopt a shape function as
linear, quadratic, or cubic, etc. Because the second time deriva-
tive of the displacement vector should have meaning for recovery
of acceleration, a linear shape function is not recommended for
the second-order initial value problem. However, if one does not
consider the recovery of acceleration, one can use the linear shape
functionin the second-orderinitial value problem. Various elements
in the time domain are shown in Fig. 1, where time step Az is the
time length between nodal points. In linear, quadratic, and cubic
elements, element sizes are Az, 2At, and 3Az, respectively. These
approximations for displacement and virtual displacement are sub-
stituted directly into the penalized weighted residual equation (7)
so as to obtaindiscretized algebraicequations. The resulting system
of algebraic equations has the following form.
For all éu; such that éu, = 0

0= 5"?{] /(—d)id)jM'F ¢r¢jc+ ¢i¢jK)df}"j
. 1 .
+ 5"?{@(f/’)¢j(f/’)M+ ng’i(f/’)d)j(fo)l}"j

_ 5.,{{] ! & fdt} _5uf{é¢,»(t/)lvo} (10)

The first and third terms of Eq. (10) are usually encountered in the
finite element discretization of elliptic boundary value problems.
The second and fourth terms in Eq. (10) consist of a correlation
between the initial velocity and the approximated initial velocity.

A B KX
0 0 0
0 A O At 28 0 A 2Af 3Ar

Quadratic element Cubic element

Linear element
Fig.1 Various time elements in the time domain.
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Because Eq. (10)holdsforevery Ou; suchthat du, = 0, it is rewritten
as follows through reordering:

tf .. .
{ R ¢,¢jK>dr}uj
. 1 . t
+ {¢,(t,»)¢j(t,»)M+ Ed),»(t,»)d)j(to)l}uj = {] ' d),fdt}
1 1 . .
+ {Ed’i(f/’)lvo—Tad)i(f/’)d)o(fo)lﬂo—¢i(f/’)¢o(f/’)M"o}

_ { ] " ChbM+ bt @@K)dr}uo (11)

where 1 «i, j «n and the right-hand side shows the global force
vector tefThs. By matrix notation, it is denoted by global dynamic
matrices A, globaldisplacement U, and global force vectors F such
as shown in the following:

[A,+A,JU=F,+F,+F, (12)

where subindex n denotes the naturally derived terms and subindex
p denotes the terms that are related to the penalty term. Subindex
u implies the effect of the given initial displacement. The resulting
system of algebraic equations include all of the information for the
whole time domain of investigation.

Numerical Test via Several Shape Functions

There are several crucial facts (e.g., period elongation, uncon-
ditional stability, etc.) in numerical time integration methods that
determine the usefulness of the numerical time integration method.
Among these crucial facts, period elongation may be the most seri-
ous one because it is closely related to the precisenessof the numeri-
cal solution. This relationis clearly showninFig. 2. To observethese
characteristicsof the penalized weighted residual method, some im-
portant examples are solved by the present time finite element ap-
proximation. In these examples, several shape functions with time
as the independent variable are used. All examples use 0.0001 as
the penalty parameter except example 1 and the simulations shown
later in Fig. 4.

Example 1: Free-Fall Motion of Particle
As an elementary case, the free-fallmotion of a particle is solved
by the presentmethod. The free-fallproblem is describedas follows:

mu= _mg with.C. u(0)=u, and u(0)=v, (13)

where g denotes gravitational acceleration. The exact solution of
the free-fall problem has the following form:

u(t)y = _Lgt® + vot +u, (14)
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Fig. 2 Errors from amplitude deviation (10%) and period deviation
(4%).

The whole time domain of investigation is discretized into the only
one quadraticelement. Algebraicequationsforthe free-fall problem
are written in matrix form as follows:

[A,+AJU=F,+F,+F, (15)

By solving the matrix equation (15), we obtain the nodal displace-
ment vector. It is reduced to

_gtf» Voly
Uy g Tyt
U= = ) (16)
Uy _gt/»
+ voly + U,

The solution is independent of the penalty parameter. The displace-
ment over the time domain can be constructed from the quadratic
shape functions:

u(t) = o @ (1) + 1 (1) + ua(t) = _Lg® + vot +u, (17)

As a result, we obtain the exact displacement, velocity, and accel-
eration. Through this simple problem, we can observe the potential
contained in the present method.

Example 2: Free Oscillating System

Free oscillating motion of a spring—mass system is simulated by
the present method via linear, quadratic, and cubic shape functions.
This fundamental system is important in observing the character-
istics of the numerical time integration method. In particular, the
period elongationcan be clearly observed in the simulationof a free
oscillating system. The equation of motion is described by

miu+ku=0 withLC. u(0)=u, and u(0)=v, (18)

The exact solution of the system would be in the form of

u(t) = u, cos(r/kl m t) + vorJml ksin(xkI mt)y — (19)

Indiscretizationof the time domain, a smaller size is used in the first
element (at the initial time) than in other elements. In the present
method, because the initial velocity is imposed in the first element
and operates as a slope constraint, the time domain of the first el-
ement is fully influenced by the slope constraint. Therefore if the
size of the first element is large compared with the variations of
the solution, the first element may not follow the changes of the
solution because of the slope constraint. Thus it is reasonable to
reduce the size of the first element for capturing the rapid change
at the initial time and obtaining the accurate solution. As a result,
for a smaller size of the first element we get a more accurate ampli-
tude. We call this discretization smaller first element discretization
(SFD). The comparison of SFD and non-SFD, which does not use
the SFD scheme, is shown in Fig. 3, where m = k= 1, u(0) = 0,
and u(0) = 1. The simulations in Fig. 3 are performed by linear,
quadratic, and cubic shape functions, respectively.In the first-order

25
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20| H SFO 13t Order A SFD 2nd Order ® SFD 3nd Order
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Fig.3 Proper discretization (SFD), which can predict accurate ampli-
tude vs improper discretization (non-SFD).
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Fig.4 Effect of penalty parameter on the global solution behavior.

SFD of Fig. 3, 25 linear elements, where the first element size is
7/ 40 and others are 71/ 4, are used. In the first-order non-SFD of
Fig. 3, 24 linear elements, where element sizes are 71/ 4, are used.
In the second-order SFD of Fig. 3, 13 quadratic elements, where
the first element sizes is 71/ 20 and other element sizes are 7/ 2, are
used. In the second-ordernon-SFD of Fig. 3, 12 quadraticelements,
where element sizes are 71/ 2, are used. In the third-order SFD of
Fig. 3, 9 cubic elements, where the first and second element sizes
are 371/40 and 277/ 40 each, are used. The other element sizes are
37t/ 4. In the third-ordernon-SFD of Fig. 3, 8 cubic elements, where
element sizes are 377/ 4, are used. Though coarse meshes are used
except for the first elements, the SFD shows no amplitude deviation.
This shows that the amplitude is obtained precisely through SFD.
Hereafter, SFD is used for all numerical simulations.

InFig. 4, the effect of the penalty parameter on the global solution
behavior is observed. With the conditionsof m = k= 1, u(0) = 1,
and u(0) = 0, 10 quadratic elements, where the first element size is
0.6 and the other element sizes are 1.2, are used. From Fig. 4, the
simulated solution converges globally to the exact solution as the
penalty parameter goes to zero.

To observe the period elongation, the predicted results for
m=k=1,u(0) = 1, and u(0) = 0 via linear, quadratic, and cubic
shape functionsare shownin Figs. 5a, Sb,and Sc, respectively.In the
simulations of Figs. 5a, 5b, and 5c, 34, 18, and 12 elements, where
the first element sizes are 77/ 30, 27t/ 30, and 7t/ 10, respectively, are
used. The other element sizes are 7/ 3, 271/ 3, and 7(97t/ 10 for the
second element), respectively. The predicted results are compared
with the exact solution and the solution obtained from the trape-
zoidal rule (Newmark-8 method) with time step 7/ 3. The predicted
results for all cases have less period elongation than the trapezoidal
rule (Newmark-f method). Also, higher-ordershape functions give
more accurate results than lower-order shape functions.

Example 3: Damped Oscillating System

A damped oscillating system was simulated to observe the damp-
ing characteristics of the present method. The equation of motion is
as follows:

mu+cu+ku=0 withl.C. u(0)=u, and u(0)= v, (20)
When u(0) is equal to zero, the exact solution reduces to
u(t) = (v,/ @) exp(_Ce 1) sin( 1)

where @, = +/kim, C=c/2ma, a=ar1_E (21)

The simulation for case m = k = 1, ¢ = 0.3, u(0) = 0, and
u(0) = 1 is performed by a quadratic shape function. In the
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Fig.5 Period elongations of the present method compared with simu-
lated result by the trapezoidal rule for the free-oscillating case.

numerical calculation, 22 quadratic elements, where the first ele-
ment size is 0.2 and the other element sizes are 2, are used. The
result is shown in Fig. 6. The present simulation shows less ampli-
tude deviation and less period elongation than the result from the
trapezoidalrule with time step 1. From this example, it can be con-
firmed that the present method predicts the damped motion of the
dynamic system accurately.

Example 4: Forced Vibrating System
Forced vibrational motion with no damping is predicted in the
fourth example. The equation of motion assumes the form

mit+ ku= f withlC. u(0)=u, and u(0)=1v, (22)
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Fig. 6 Predicted result by the present method compared with sim-
ulated result by the trapezoidal rule for the damped oscillating case
using quadratic (second-order) elements.
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Fig. 7 Predicted result by the present method compared with simu-
lated result by the trapezoidal rule for the forced vibrating case using
cubic (third-order) elements.

When the applied force is A sin({2), the exact solution is

(1) = u, cos TI + I i sin TI
ui =t m k Vo_k_m.Q2 m

A .

+ " me® sin(€r) (23)
The case of m = k = 1, f = _10sin(0.2¢), u(0) = _2, and
1(0) = 0.2 is simulated by 32 cubic elements. The first and second
element sizes are 0.3 and 2.7, respectively. The other element sizes
are 3. The predicted results are compared with the exact solution
and the result of the trapezoidal rule, of which the time step At is
0.5. The comparisons are shown in Fig. 7. The comparison with the
exact solution and the predicted one shows excellentagreement. In
the trapezoidal rule, a smaller time step is used than in the present
method; nevertheless, the result of the trapezoidal rule shows con-
siderabledeviationfrom the exactsolution. By comparison, it shows
the better accuracy of the present method.

Example 5: Wave Equation Discretized in Space Domain

In our final example, the wave equation is analyzed to verify the
applicabilityto network parallelcomputing of the initial and bound-
ary value problem in the space-time domain. The wave equation is
as follows:

ox2 — 02

BC; (0, 1) = ()

=0

u(l, 1) = u'(t) (24)

1.C.; u(x,0) = u,(x) u(x, 0) = v,(x)

where a is the wave propagation speed. B.C. denotes the boundary
condition. In this paper, discretizations of the space domain and the
time domain are carried out sequentially for the sake of focusing on
the discretization of the time domain. It is exactly the same as the
prismatic discretization of the space-time domain along the time
axis. This sequential discretization is made up of two stages. The
first stage is the conventional semidiscretization. The second stage
is the time domain discretizationvia the present time finite element
technique. As a result of the first stage, we obtain the following
equation discretized in the space domain:

Mi+ Ku=f withLC. w(0)=u, and u(0)=v, (25

At the second stage, the present time finite element method is ap-
plied to the discretized wave equation (25). Via the aforementioned
discretizationprocedure, the following matrix equation is obtained:

[A,+A,JU=F,+F,+F, (26)

Matrix equation (26) has all the information for the solutions in
the whole space-time domain. Because all the information is repre-
sented by only one matrix equation, it can be solved simultaneously
by the existing parallel computing algorithms, such as the precon-
ditioned conjugate gradient method, etc. In parallel computing, the
whole space-time domain is decomposed into subdomainsand each
subdomainis allotted to one computer processor. By this procedure,
network parallelcomputingis performed. The network parallelcom-
puting inthe whole space-time domain is postponedfor future work.
For the case of a = 1 with free boundaries, nonzero initial displace-
ment, and zero initial velocity, numerical simulation is performed
in Fig. 8 by one processor, In numerical simulation, 20 linear ele-
ments with element size 1 are used for the space domain. For the
time domain, 51 linear elements, where the first time element size
is 0.01 and other element sizes are 1, are used. This discretization
is the same for 20 s, 51 = 1020 linear rectangular elements in the
space-time domain. The cross points of grid lines denote the nodal
points in the space-time domain. It is interesting that the simulated
result shows no period elongation. This can be explainedas follows.
Becausethe stiffnessof the system is overestimated by the space do-
main discretizationand the period is elongated by the time domain
discretization, the errors from discretizationscan be canceled out in
appropriate discretization. From this example, it can be known that
the present method conforms well to the initial and boundary value
problems, such as wave equations, elastodynamics, etc., and can be
used with a parallel solver for network parallel computing.

For the problems that have too immense degree of freedom (DOF)
with respect to computer memory, an alternative conceptualnumer-
ical procedure is presented, where o = % with free boundaries,
nonzero initial displacement, and zero initial velocity. In this nu-
merical test, the whole space-time domain of investigation is di-
vided into several space-time slabs and each space-time slab is
divided into finite elements. The whole space domain is 133, and
the whole time domain of investigation is 168. Space-time slabs
and space-time elements are shown in Fig. 9. In the discretization
of a slab, fine meshes are used for domains that are much affected
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Fig. 8 Numerical simulation oriented to parallel computing for wave
equation by the present method using linear elements in the space—time
domain.
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Fig.9 Elements and slabs in the space-time domain for a conceptual
numerical test that is oriented to immense DOF problems.

Fig.10 Conceptual numerical test oriented to immense DOF problems
by the present method using linear elements in the space—-time domain.

by waves and coarse meshes are used for domains that are little
affected by waves. By this procedure, fewer finite elements can be
used. The solution procedure is as follows. At the outset, the first
slab is solved simultaneously with the given initial conditions. Sec-
ond, the obtained final displacements and velocities in the first slab
are used for the initial conditions of the second slab and the second
slab is solved. In this stage, only the final displacements and veloc-
ities of the first slab, which lie in nodal points of the second slab,
are used. This routine is performed recursively until the last slab.
In solving each slab, a parallel computation technique can be used.
Note that a smaller-sized time element should be used at the final
time of each slab to obtain a more accurate final velocity vector,
which will be used for the initial velocity vector of the next slab. A
simulated result is presented in Fig. 10, which shows good results.
This conceptual numerical test shows the possibility that network

parallel computing will be fully realized in the space-time domain
by way of the present work.

Conclusions

In this work, a penalized weighted residual formulation for the
second-orderinitial value problems is developedto conform well to
an existing parallel computing scheme, and its time finite element
approximation is performed. To impose properly both the initial
displacement and the velocity, the initial velocity is imposed to this
weighted residualequationas a penalized form. The penaltyterm for
the initial velocity is constructed such that the approximated initial
velocity can satisfy the initial velocity in the average sense. From
the numerical test of several examples, it can be known that this
penalty term imposes successfully the initial velocity. By this pe-
nalized weighted residual formulation, it is possible that the whole
time domain of investigation can be managed at a time. Moreover,
the conventional-displacemert-based finite element technique can
be easily used in the time domain without any other artificial rou-
tine. As a simple example, the free-fall problem is solved by only
one quadratic element in the time domain and the exact solution is
obtained over the whole time domain of investigation. In numerical
tests, some important examples are solved via time finite element
approximationof the penalized weighted residual method using lin-
ear, quadratic, and cubic elements. Through these examples, it is
confirmed that the present method gives more accurate solutions
than any other numerical integration methods for various systems,
includingdampedand forced cases. From the example of wave prop-
agation, it is determined that the present time finite element approx-
imation of the penalized weighted residual method can be applied
to the initial and boundary value problems, and it is concluded that
the present time finite element method can be easily implemented
in parallel computations of the whole time domain of investigation
for the second-orderinitial and boundary value problems.
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